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1 Introduction 

In this paper all manifolds under consideration are closed, oriented and 
topological, unless otherwise stated. Moreover, all homeomorphisms and 
diffeomorphisms considered are to be orientation preserving. Given a pos- 
itive integer n let 5" be the diffeomorphism type of the unit n— sphere in 
(n + 1)— dimensional Euclidean space M""^-*^. 

Definition 1.1. A circle action S"^ x M — )• M on a manifold M is called 
regular if this action is free and the orbit space A'' := M/S^ (with quotient 
topology) is a manifold. □ 

For a given manifold M one can ask 
Problem 1.2. does M admit a regular circle actionTD 

Solutions to Problem 1.2 can have direct implications in contact topol- 
ogy. For example, the Boothby-Wang theorem implies that, in the smooth 
category, the existence of a regular circle action on a manifold M is a neces- 
sary condition to the existence of a regular contact form on M (see [3 p. 341] 
for instance ). 
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Problem 1.2 has been solved for all 1— connected 5— manifolds by Duan 
and Liang in [5]. In particular, it was shown that all 1— connected 4— 
manifolds with second Betti number r can be realized as the orbit spaces 
of some regular circle actions on the single 5— manifold ^r-iS'^ x S^, the 
connected sums of r — 1 copies of the product manifold 5^ x S"^. In this 
paper we study Problem 1.2 for the 2— connected 7— manifolds. 

Based on the construction of 5^— bundles over S'^ from the structure 
group 7r3(S'0(4)) = Z © Z and resorting to the surgery theory for the 
2— connected 7— manifolds we shall present explicitly a family Mj^f^ of 2— 
connected 7— manifolds with c € {0, 1} and I, A; € Z in Section 3.2. In terms 
of the manifolds Mff^ our main result is stated below, where N denotes the 
set of all non-negative integers. 

Theorem 1.3. Let M be a 2— connected 7— manifold. Then M admits a 
regular circle action if and only if M is homeomorphic to 

where c G {0, 1}, r G N and m,k Z.D 

In the course to establish Theorem 1.3 we obtain also a classification 
on the 6— manifolds that can appear as the orbit manifolds of some regular 
circle actions on 2— connected 7— manifolds, see Lemma 2.1 and Lemma 
2.2 in Section 2. In addition, our method applies equally to obtain a result 
analogue to Theorem 1.3 in the smooth category, see Theorem 4.1 in Section 
4. 

2 The homeomorphism types of the orbit spaces 

In this section we determine the homeomorphism types of those 6— manifolds 
which can appear as the orbit spaces of some regular circle actions on 
2— connected 7— manifolds. Note that a manifold M admits a regular circle 
action if and only if it is the total space of a principal 5"^— bundle M — > 
with base space N a manifold. 

Let M be a 2— connected 7— manifold that admits a regular circle action 
with orbit space N := M/S^. From the homotopy exact sequence 

^ 7r2(M) ^ 7r2(iV) ^ vri(5^) ^ 7ri(M) ^ 7ri(A^) ^ 

of the ^i-fibration M N one finds that 

7ri(iV) = 0; 7r2(iV) =7ri(5i) ^Z. 

Consequently, A'^ is a 1— connected 6— manifold with H2{N) = Z. 

Conversely, for each 1— connected 6— manifold with H2{N) = Z let 
t G H'^[N) = Z be a generator and let 
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be the oriented circle bundle over with Euler class t. From the homo- 
topy exact sequence of this fibration we find that the total space Nt is 
2— connected. Summarizing we get 

Lemma 2.1. Let 5"^ x M — )• M be a regular circle action on a 2— connected 
7— manifold M with orbit space A^. Then is a 1— connected 6— manifold 
with H2{N) ^ Z. 

Conversely, every 1— connected 6— manifold with H2{N) = Z can be 
realized as the orbit space of some regular circle action on a 2— connected 
7— manifold. □ 

In view of Lemma 2.1 the classification of those 1— connected 6— manifolds 
A^ with H2{N) = Z amounts to a crucial step toward a solution to Problem 
1.2. In terms of the known invariants for 1— connected 6— manifolds due to 
Jupp [10] and Wall [22j, we can enumerate all these manifolds in the next 
result. For convenience denote by G the set of all 1— connected 6— manifolds 
A^ whose integral cohomology satisfies 



For each manifold A^ G fix a generator t for H'^{N) and a generator x for 
H'^{N) respectively such that the evaluation {t U x, [N]) of the cup product 
tU X on the fundamental class [A^] of A^ is 1. Consider functions 



defined by the following rule 

i) t2 = k{N)x; 

ii) the second Stiefel- Whitney class ■W2{N) and the first Pontr- 
jagin class pi{N) of A" are given by e{N)t mod 2 and p{N)x, 
respectively; 

iii) the class A{N) = 6{N)x mod2 G H^{N;Z2) is the Kirby- 
Siebenmann invariant of A^ 

(The Kirby-Siebenmann invariant A(y) of a manifold V is the obstruction 
to lift the classifying map V — )• BTOP for the stable tangent bundle of V 
to BPL, where BTOP and BPL are the classifying spaces for the stable 
TOP bundles and PL bundles, respectively). 

|10l Theorem 1] implies that two manifolds Ni, N2 G @ are homeomor- 
phic if and only if either 
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{k{N,),p{Ni),e{Ni),6{m)) = (HN2),p{N2),e{N2),6{N2)) 
or {k{N,),piNi),£iNi),6iNi)) = {-k{N2),-p{N2),eiN2),5{N2)). 



This shows that {k,p, e, 6} is a set of complete invariants for elements in G. 
Furthermore, we have 

Lemma 2.2. For each 1— connected 6— manifold M with H2{M) = 7L there 
exists an integer r € N and a manifold € unique up to homeomorphism 
so that M = #^53 X S'^j^N. 

Moreover, the system {/c,p, e,(5} is a set of complete invariants for ele- 
ments A'^ in that is subject to the following constraints: 



for some m G Z. 

In addition, a manifold G has a smooth structure if and only if 



Proof. This is a direct consequence of |10l Theorem 0; Theorem 1]. In 
particular, the expressions of the function p are deduced from the relation 
on (see [M Theorem 1]): 

{2ct^e{N)tf = {p{N)x + 2A6{N)x){2ct + e{N)t) mod A8 

for all c G Z.D 

3 Circle bundles over N G Q 

Lemma 2.2 singles out the family of 1— connected 6— manifolds which 
plays a key role in presenting the orbit spaces of regular circle actions on 
2— connected 7— manifolds. In this section we determine the homeomor- 
phism type of the total space Nt of the circle bundle over N £ Q with 
Euler class the fixed generator t £ H'^(N) = Z. For this purpose we shall 
recall in Section 3.1 the definition of the known invariant system associated 
to 2— connected 7— manifolds; In Section 3.2 we give an explicit construc- 
tion of the manifolds Mj^f^ appearing in Theorem 1.3. The main result in 
this section is Lemma 3.3, which identify the homeomorphism types of the 
manifolds Nf with certain M^f^. 



i) if k{N) is odd, then £{N) = and 



p{N) = 24m + 4k{N) + 246{N); 



ii) if A;(A^) is even, then 




24m + 4:k{N) + 246{N) if e{N) = 
48m + k{N) + 24S{N) if e{N) = 1 



6{N) = 0. 
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3.1 Invariants for 2— connected 7— manifolds 

Recall from Eells, Kuiper [6] , Kreck, Stoltz [11] and Wilkens |23j that associ- 
ated to each 2— connected 7— manifold M there is a system {H, qi, b, A, n, si} 
of invariants characterized by the following properties: 

i) H is the forth integral cohomology group H^[M); 

ii) qi{M) G H'^(M) is the first spin characteristic class of M(see 

my, 

iii) b : t{H) eg) t{H) Q/Z is the linking form on the torsion 
part t[H) of the group H; 

iv) A(M) € H^{M;Z2) is the Kirby-Siebenmann invariant of 
M. 

where the relation between the class qi{M) and the first Pontrjagin class 
pi{M) is 2 • qi{M) = pi(M). Furthermore, if the manifold M is smooth 
(resp. topological) and bounds an 8— dimensional manifold W with the 
induced map j* : H^{W, M; Q) H'^{W; Q) an isomorphism, then 

v) the invariant ^ G Q/Z (resp. si € Q/Z) is defined and its 
value is given by the formula below 

li{M) = -^a{W) + ^pl{W)-^z'^ ■pi{W) + ^z^uiodZ 
(resp. si(M) = 28^(M)) 

where z € H'^{W) is a class whose mod 2 reduction gives the second Stiefel- 
Whitney class W2{W)] a{W) is the signature of the bilinear form 

H'^iW, M; Q) X H^{W, M; Q) H^{W, M; Q) = Q 

on H^{W, M; Q), and where Pi{W), z^ -pxiW) and 2^ are the characteristic 
numbers 

(pi ( VF) U J ( VF) , {W, M] ) , u (T^) , {W, M\ ) , 

(z2uj*-iz2,[Ty,M]), 

respectively. 

Example 3.1. Let Nt be the total space of the oriented circle bundle over 
€ with Euler class the fixed generator t G H'^{N) = Z. Then the 
system {H, qi, b, A, //, si} of invariants for the manifold Nt can be expressed 
in terms of the invariants for the 6— manifold N introduced in Lemma 2.2 as 
follows. For simplicity we write p, k, e and 6 in the places of p{N), k(N),e{N) 
and S{N), respectively. 



5 



i) H^{Nt) = Zfc with generator 7r*{x), where tt : Nt ^ N is the 
bundle projection and 

_r Z ifA: = 
^ ~ \ Z/kZ if A; / ' 

ii) A{Nt) = i±i^ •(5mod2; 

iii) qi{Nt) = 2^ mod A:; 

iv) 6(7r*(x),7r*(x)) = imodZ; 

v\i,(NA- I''! I (P+k)^ I (£-l)(2p+fc) ^ y. 

vi) si{Nt) = 28fi{Nt). 

Firstly, from the section 

H'^{N) ^ H\N) ^ H^{Nt) 

in the Gysin sequence (see [16; p. 143]) of the fibration Nt N and from 
the relation = kx on {{"^(N) we find that H'^{Nt) = with generator 
7r*(x). This shows i). 

Next, let f : N BTOP be the classifying map for the stable tangent 
bundle of A'^, then, as is clear, the classifying map for the stable tangent 
bundle of Nt is given by the composition f o n : Nt ^ N BTOP. It 
follows that the Kirby-Siebenmann invariant A{Nt) of the manifold Nt is 
7r*A(A^) = (57r*(j;)mod2. This shows ii). 

To calculate the remaining invariants qi,b,^,si of the manifold Nt we 
make use of the disk bundle Wt ^ N associated with the oriented 2— plane 
bundle over N with Euler class t. If e = 1, It follows from the decompo- 
sition TWt = ttqTN e vr^^i for the tangent bundle of Wt that W2{Wt) = 
and qi{Wt) = ^^ttqX. So from the relation dWt = Nt we get 

qiiNt) = E±^7T*x. 
If e = 0, from the decomposition TNt = 'ir*TN © we get 

q,{Nt) = ^7r*{x). 

This shows iii). 

To compute the linking form b of Nt we can assume that A; 7^ in 
view of the presentation H^^^Nt) = Z^ with generator t:*{x). Consider the 
commutative ladder of exact sequences 

^ H\Wt,Nt) ^ H\Wt) ^ H\Nt) ^ 

=t </> t lid 

^ H'^{N) ^ H^{N) 4 H^{Nt) 
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with (j) the Thorn isomorphism (see p. 106]). Since y := (j){t) is a generator 
of H'^{Wt,Nt) with j*{y) = 7ro(t^) = k7TQ{x) and since 7r*(x) = i*7ro(x) we 
get 

b{7r*{x),Tr*{x)) = l<yU7r*QX,[W,M] >= ^modZ. 
This shows iv). 

Since the induced map j* : H^(Wt,Nt;Q) H^(Wt;Q) is clearly an 
isomorphism when k ^ 0, the invariants /x and si are defined for Nt. More- 
over, from the Poincare duality and the relation j*(y) = /c7ro(x) we get 
a{Wt) = Prom the decomposition TWt = tt^{TN Q we get, in addi- 
tion to 

PiiWt) = 7T*o{pi{N) + t2) = (p + k)n*{x), 

that 

W2{Wt) = (e + l)7r^(t)mod2. 

Therefore we can take z = [1 — e)7rg(t) in the formulae for /x and si, and as 
a result 

z2 = (l-e)2vr*(t2) = fc(l-e)2vrS(x); 

As the group H'^{Wt.,Nt) = Z is generated by y = 4){t) with the relation 
j*{y) = kiTQ^x), the isomorphism 

H%Wt,Nt)(E)H''iWt) ^ H\WuNt) 

by the Poincare duality, together with the formulae for piiWt) and above, 
implies the next relations 

z^iiWt) = (1 - ef{p + k); pl{Wt) = lip + kf; = k{l - e)\ 

Substituting these values in the formulae for /x and si yields v) and vi), 
respectively. 

This completes the computation of the invariant system {H, A, qi, b, si, /x} 
for the manifolds Nt.O 

3.2 The construction of the 7— manifolds Mf^, c G {0, 1} 

Identify the algebra H of quaternions with the 4— dimensional Euclidean 
space and regard the set of unit quaternions as the 3— dimensional sphere 
S^. For a pair (/, k) of integers let fi^k : 5''^ — > 5'0(4) be the map defined by 

fi,k{u)v = v}^^vu~\ V e M"*, 
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where quaternion multiplication is understood on the right hand side of the 
formula. Let M^"^ (resp. Wj^j^) be the total space of the 5^— bundle (resp. 
Z)^— bundle) over the sphere 5*^ with characteristic map [fi^k] G '^3{S04,) 
and bundle projection 

TTM ■■ ^ (resp. t^w ■ W^^^ ^ 5^). 

It is clear that M^^ is a 2— connected 7— manifold which carries a canoni- 
cal smooth structure. What we shall also need is an analogue of the manifold 
Mff^ in the non-smooth category when k = 0mod2, called M^f^, specified 
below. 

For an m-manifold W with boundary write 5™^(Vl^) for the set of 
homeomorphism classes of the m-manifolds W , together with homotopy 
equivalences h : {W',dW') {W,dW) (see [m Chapter 2]). Let [W',h] 
denote the equivalence class of {W ,h). Furnish the two sets S'^^^ {Mf^^) 
and S"^^^ {Wij^) with the structures of abelian groups so that the one to one 
correspondences 

S^OP^Ml) 4 [Ml,G/TOP] and 5™^(l^o,) 4 [M^^,, G/TOP] 

in the surgery exact sequence are isomorphisms, where G (resp. TOP) is 
the monoid of self homotopy equivalences of S"""^ (resp. the group of origin- 
preserving homeomorphisms of M") in the stable range (see [2, p. 24-25] and 
[T3l p.40-44] ). On the other hand, as the groups H\Mj^i^;TTi{G/TOP)) and 
H'{W['y,7ri{G/T0P)) are trivial except for i = 4 (see' [HI P. 43-44]) , the 
obstruction theory implies that the primary obstructions to null-homotopy 
induce isomorphisms (see [U p. 179] and [9, p. 192] ) 

[M0„G/rOP] 4 H^{M^,;7r,{G/TOP)) = H^M^)- 
[<„G/TOP] A H\Wl,-7T,{G/TOP)) = H\Wf^,). 

Then consider the following commutative diagram: 

A [Ml^G/TOP] A H\Ml)^Zu 
where i* : S'^^^{Wff^) 5™^(M,°^) sends each [W, /i] to the restriction 



W'hw 



[dW,h\dw]- Fix a generator l of H {S ) as in [3]. Write 
generator {d o ??)~^(vr^(i)) of the cyclic group 5™^(W;'^^) = Z and set 

[Mh,hM) := (dWh,hw\3w^. 



for the 
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Clearly, the 7— manifold Mf^^ is 2— connected and unique up to homeomor- 
phism with 



Example 3.2. The invariant system {/f, A, gi, 6, si, /x} of the manifolds 
Mff^, c € {0, 1}, has been computed by Crowley and Escher in [3] for the 
case of c = 0. We extend their calculation as to include the exceptional case 
of c = 1. 

i) H'^(Mij^) = Zfc with a generator 

7rlj{i) if c = _ 

(7rA/o/iM)*(0 if c = 1 ' 

ii) b{K,K) = ^modZ; 



• cmod 2; 



H,k) — 2 
iv) qi{Mf,^) =21 + 12c mod A:; 

V) .i(M,^,)^^^^±^±S^modZ; 



vij /i 



{Ml) 



(fc+20^-|fc| 
28-8fc 



modZ. 



Firstly, since Hm '■ ~^ ^ik ^ homotopy equivalence, we get 

i) and ii) from the relations H'^{MD = T^f^ with generator 7rjj(z.) and 
b{-Klj{i),TTlj{i)) = imodZ for c = 0. 

Next, since the map S'^^^iM^) A -ff^(M°^; Z2) of taking Kirby- Sieben- 
mann class is a surjective homomorphism (see [W\ Theorem 15.1]), and since 

M^j^, Hm is a generator of the cyclic group 5™^(M['^), then we have 



Lk) 



A( 



Mtk^hM 



i+(-i)'' 



Kmod2. 



This shows iii). 

In order to find the formula of qi{Mi^) we compute the first Pontrjagin 
class Pi(VFffc) of VFffc. Let a be a generator of H'^{Wfi^) = Z such that 



a 



vr 



if c = 0; 
if c = 1; 



and associate an integer p{WfiJ to Wff^ such that pi{Wfi^) = p{Wfi^)a. It 
follows from the isomorphism S^^^iWj^,^) A [W^o^^, G/TOP] that 

PiWLk)^*wi>^) = PiiW[>,,) + rpi{G/TOP) 
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where f = d ^(vr|^(z.)) is the generator of [Wj^j^,G/TOP] corresponding to 
the generator W^f^ and where pi(G/TOP) corresponds to the first Pontrjagin 
class in H^iBTOP) under the homomorphism H^{BTOP) H^{G/TOP) 
induced by the natural map G/TOP — BTOP. From [Idt Proposition 13.4] 
we get 

rpi{G/TOP) = 24^^(0. 

This, together with the fact p{Wif^) = 2{k + 21) (see [H]) and the formula 
for p{Wlf^) above, implies that p{Wfi^) = 2k + 41 + 24c. Consequently, as 
Mf^ = dWj^j^ we get iv). 

Finally, we compute the invariant si of Mj^j^. The exact sequence 

together with the isomorphisms H^{Mf j}) ^ and H^{WI^,^, Mf^^) ^ Z by 
the Poincare duality, implies that we can take a generator /? of H'^iyVif^, ^ik) 
such that f{p) = ka. Since j* : H^iW^^, Ml^-Q) H*{Wl^;Q) is an 
isomorphism for A; 7^ the invariant si is defined for Mf^. It follows from 

the Poincare duality and the relation = ka that o'(W^ffc) = On the 

other hand, the formula for piyVi^, together with the relation j*{f3) = ka 
and the isomorphism 

H\Wf^k, Ml,) H\Wl,) 4 H\Wl,, Ml,) 

by the Poincare duality, implies that 

Pi{Wl,) = ^,{k + 2l + l2cf. 

In addition, the relation W2iWl,) = W2{Wi,) = indicates that we can take 
2: = in the formula of si. Substituting the values of aiWl,)^ z,p\{Wi,) in 
the formula for si, yields v). 

Similarly, we get vi) shown by Crowley and Escher (see [3]). 

This completes the computation of the invariant system {H, A, gi, 6, si, ^u} 
for the manifolds Mf^.'d 

3.3 Circle bundles over N E Q 

It is shown in [B] that the invariant fi is additive with respect to con- 
nected sums and can be used to distinguish exotic 7— spheres. According to 
fi{M^'^) = ^modZ, the group Fy of exotic 7— spheres is cyclic of order 28 
and is generated by M}'^ Let := rM^^^ G F7, r € Z. 

Lemma 3.3. Let Nt be the total space of the oriented circle bundle over 
N G @ with Euler class the fixed generator t G H'^{N). Then there is a 
homeomorphism 
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with {k,c,l) = {k{N), l±i^f^.6{N), 

Furthermore, if — ■ = and k{N) ^ 0, then the manifold 

has a smooth structure and one has a diffeomorphism 

with {k,l,r) = {k{N), P(N)M3e(N)-^)MN) ^ il-e(N))ipW-mN)) ^_ 

Proof. Since TTi{PL/0) = for i <6 the manifold Nt is smoothable if and 
only if A{Nt) = (see [TSl p.33], [E] and [IS Theorem 5.4]). We divide the 
proof into two cases depending on whether Nt is smoothable. 

Case 1. A{Nt) = 0mod2: In this case the system {H,qi,b, si} (resp. 
{H,qi,b, ^i}) is a complete set of homeomorphism (resp. diffeomorphism) 
invariants for the manifolds Nt,Mj^i^ (see [5] and |23j). The proof is com- 
pleted by comparing the values of the invariants for Nt,Mj^j^ obtained in 
Example 3.1 and 3.2, respectively. 

Case 2. A{Nt) = lmod2: We need to show that Nt is homeomorphic to 
with 

{k, I) = {k{N), PW+(3.(iV)-4).^iV)-24 ^_ 

It suffices to find a homotopy equivalence q : Nt ^ Mj^j^ such that [Nt,q] = 

By Lemma 2.2, there exists a manifold N £ Q whose invariant system 
{k{N'),p{N'),e{N'),5{N')) is {k{N),p{N) -24, e{N),0). Consider the map 
rj : 5™^(A^ ) — )• [A^ , G/TOP] in the surgery exact sequence of A'^ . By the 
argument at the end of the proof of [lOj Theorem 1] we can find a manifold 
N E Q with a homotopy equivalence h]\i : N N such that 

i) the homotopy class ri{[N,hi\f]) is trivial on the 2 skeleton of 
N'; 

ii) the primary obstruction to finding a null-homotopy of 1]{[N, /iat]) 
is the fixed generator x € H^{N ). 

Pulling back /iat by the bundle projection tt : Nt ^ N' induces a homotopy 
equivalence ht : Nt —?■ N^. On the other hand, by the result of case 1 we 
get a homeomorphism u : Mj^j^ — > Nt such that u*{7r*{x)) = 7r\,j{i). So it 

remains to show that [Nt,u~^ o ht] = M^f^, hM ■ 

Let [N',G/T0P]2 be the subset of [N' , G/TOP] whose elements are 
trivial on the 2 skeleton of A'^ and consider the following two commutative 
diagrams: 
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iv =iv 

[N',G/T0P] ^ [Nt,G/TOP] 



[N',G/T0P]2 
id 
H^{N') 



[iv;,G/rop] 



[Ml^,G/TOP] 



where 



to 



with ht 



i) 5™^ (AT') 4 5™^ (at;) maps N" X 
a pull-back of /i" by the bundle projection tt : ^ N' ; 

ii) 5™-P(Ar;) 4 5™-P(M0^) maps \M',g'] to \M',u-^og 

iii) the maps d send a homotopy class to its primary obstruction 
to null-homotopy. 

The diagrams above, together with the relations 

TT* [N, Hn] = [Nt, ht], u*iTT*{x)) = TTl^ii) and dir] [N, /i^v]) = x, 



imply that u* [Nt, ht] = ^Ml^, Km] , i.e. [Nt,u-^ o ht] = [Ml^,hM 
completes the proof of Case 2.D 



. This 



4 The main results and their proofs 

In the final section, we establish Theorem 1.3 stated in Section 1 and obtain 
its analogue in the smooth category. 

Proof of Theorem 1.3. Let M be a 2-connected 7— manifold which admits 
a regular circle action. According to Lemma 2.1 and Lemma 2.2 M must be 
the total space of an oriented circle bundle over N^rS^ x with Euler class 
t G H^{N#rS^ X S^) = Z a generator, where N e @, r eN. We can regard 
t G H'^{N#rS^ X S^) corresponds to the fixed generator t e H'^{N) = Z 
under the isomorphism H'^(N) H'^^N^j-S'^ x S"^) induced by the map 
Ni^rS^ X 5^ iV coUapsing #^5*^ x 5^ to a point. By Lemma 2.2 and 
Lemma 3.3 it suffices for us to show that M = Ntij^2rS^ x S^- 

The connected sum N^rS^ x is obtained by removing open 6— disks 

o o 

Di and D2 from and #rS^ x respectively, and pasting the resulting 
boundaries by a diffcomorphism / : dD2 — t- dDi. Since the restriction of 
the bundle Nt ^ N on Di is trivial we have the decomposition 
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where id : ^ is the identity map, and where 

Mo = X Uf^id {{#rS^ X S^\b2) X 

Since Mq is easily seen to be the total space of the oriented circle bundle over 
CP^#rS^ X with Euler class a proper generator of H'^{CP^#rS^ x 5'^) = 
Z, a calculation similar to that in Example 3.1 shows that the invariant 
system {H,qi,b, fi} for Mq and i^2rS^ x S*^ coincide. Consequently Mq is 
diffeomorphic to #2r5'3 x This shows that M = Nt#2rS''^ x S^U 

Let M be a smooth 2— connected 7— manifold which admits a smooth free 
circle action. Since such an action must be regular and the orbit manifold 
remains smooth (see [U p. 84] and [211 P-38, Proposition 5.2]), we still have 
the decomposition M = Nt^2rS^ x where r G N, G O, and the manifold 
Nf must be smooth. Prom Lemma 2.2 and the second part of Lemma 3.3 
we get 

Theorem 4.1. Let M be a smooth 2— connected 7— manifold whose third 
homology group H^{M) is either of even rank, or has non trivial torsion 
subgroup. Then M admits a smooth free circle action if and only if M is 
diffeomorphic to 

where c € {0, 1}, r G N and m,k £ Z.D 

A classical topic in topology is to decide which homotopy spheres admit 
smooth free circle action, see [8] [12] [T7] [18] for instance. Combining The- 
orem 4.1 with the computation in Example 3.2 we get the following result 
shown by [T7] . 

Corollary 4.2. Among the 28 homotopy 7-spheres {S^ | < r < 27} only 
the following ones admit smooth free circle actions 

{T.r\r = 0, 4, 6, 8, 10, 14, 18, 20, 22, 24}. □ 

In the smooth category and in terms of Theorem 4.1, the problem re- 
mains open for the 2— connected 7— manifolds whose third homology group 
H^{M) is free and is of odd rank. The reason is that there is no complete 
diffeomorphism invariant system available for the 2— connected 7— manifolds 
M with i73(M) = Z. 
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